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Introduction.

In a control problem we find the following basic elements.

(1) A control u that we can handle according to our interests,
which can be chosen among a family of feasible controls K.

(2) The state of the system y to be controlled, which depends
on the control. Some limitations can be imposed on the
state, in mathematical terms y € C, which means that not
every possible state of the system is satisfactory.

(3) A state equation that establishes the dependence between
the control and the state. In the next sections this state
equation will be a partial differential equation, y being
the solution of the equation and w a function arising in
the equation so that any change in the control u produces
a change in the solution y. However the origin of control
theory was connected with the control of systems governed
by ordinary differential equations and there is a huge ac-
tivity in this field; see, for instance, the classical books
Pontriaguine et al. [20] or Lee and Markus [14].

(4) A function to be minimized, called the objective function
or the cost function, depending on the control and the state

(y, u).

The objective is to determine an admissible control that pro-
vides a satisfactory state for us and that minimizes the value of
functional J. It is called the optimal control and the associated
state is the optimal state. The basic questions to study are the
existence of a solution and its computation. However to obtain the
solution we must use some numerical methods, arising some deli-
cate mathematical questions in this numerical analysis. The first
step to solve numerically the problem requires the discretization of
the control problem, which is made usually by finite elements. A
natural question is how good the approximation is, of course we
would like to have some error estimates of these approximations.
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In order to derive the error estimates it is essential to have some
regularity of the optimal control, some order of differentiability is
necessary, at least some derivatives in a weak sense. The regularity
of the optimal control can be deduced from the first order optimal-
ity conditions. Another key tool in the proof of the error estimates
is the use of the second order optimality conditions. Therefore our
analysis requires to derive the first and second order conditions for
optimality.

Once we have a discrete control problem we have to use some
numerical algorithm of optimization to solve this problem. When
the problem is not convex, the optimization algorithms typically
provides local minima, the question now is if these local minima
are significant for the original control problem.

The following steps must be followed when we study an optimal
control problem:

(1
(2
(3
(4

We will not discuss the numerical analysis, we will only consider
the first two points for a model problem. In this model problem
the state equation will be a semilinear elliptic partial differential
equation.

There are no many books devoted to the questions we are going
to study here. Firstly let me mention the book by Profesor J.L.
Lions [16], which is an obliged reference in the study of the theory
of optimal control problems of partial differential equations. In
this text, that has left an indelible track, the reader will be able
to find some of the methods used in the resolution of the two first
questions above indicated. More recent books are X. Li and J. Yong
[15], H.O. Fattorini [11] and F. Troltzsch [24].

Existence of a solution.

First and second order optimality conditions.
Numerical approximation.

Numerical resolution of the discrete control problem.
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CHAPTER 1

Setting of the Problem and Existence of a
Solution

Let € be an open, connected and bounded domain in R, n =
2,3, with a Lipschitz boundary I'. In this domain we consider the
following state equation

Ay + ap(z,y) = u in Q
(1.1) { y = 0 onTl

where ag : {2 Xx R — R is a Carathéodory function and A denotes
a second-order elliptic operator of the form

Zamj ai; ()0, y(x))

i,0=1

with the coefficients a;; € L>°(2) satisfying

Aall€])? < Z a;j(2)&€ VEER™, forae xe

5,J=1

for some A4 > 0. In (1.1), the function u denotes the control and
we will denote by y, the solution associated to u. We will state
later the conditions leading to the existence and uniqueness of a
solution of (1.1) in C(Q) N H().

The optimal control problem is formulated as follows

min J(u) = /L(x e dx+—/

(P) subject to (yu,u) € (C(Q) N HY(Q)) x L*(Q),
ueK and a(z) < g(x,y.(x)) < b(x) Vo e K.
We impose the following assumptions on the data of the control
problem.

(A1) In the whole paper N > 0 is a real number and K is a convex
and closed subset of L?(2). We introduce the set



CIMPA Population Dynamics Control and applications

Uy = {u € K:a(z) < g(z,y.(x)) <blx) Ve e K}
and we assume that U,, is not empty.

(A2) The mapping ag : 2 x R — R is a Carathéodory function of
class C? with respect to the second variable and there exists a real
number p > n/2 such that

0
ao(-,0) € LP(Q), %(l’,y) >0 forae z€Q.
Y
Moreover, for all M > 0, there exists a constant Cy »; > 0 such that

3@0 82a0
— — <C
83/ (xvy)‘ =+ ayQ (l',y) >~ “0O,M,

82a0 (32&0

oy (z,y2) — 8—y2(9€ayl) < Comlyz — wl,

for a.e. z € Q and |y, |y;| < M, i=1,2.

(A3) L : Q x R — R is a Carathéodory function of class C? with
respect to the second variable, L(-,0) € L*(€2), and for all M > 0
there exist a constant C,p > 0 and a function ¢y, € L*(2) such

that
2

\g—ju,y)' < (@), g_;u,y); < Cr

0L 0L
a_y2($7y2) - a—yg(ﬂﬁayl)

< Crumlya — w1l

for a.e. z € Q and |y, |y;| < M, i=1,2.

(A4) K is a compact subset of Q and the function g : K x R — R
is continuous, together with its derivatives (87¢g/dy’) € C(K x R)
for 7 = 0,1,2. We also assume that a,b : K — [—o00,400| are
measurable functions, with a(z) < b(z) for every x € K, such that
their domains

Dom(a) = {x € K : —o00 < a(z)} and Dom(b) = {x € K : b(x) < oo}

are closed sets and a and b are continuous on their respective do-
mains. Finally, we assume that either KNI = () or a(x) < g(x,0) <
b(z) holds for every z € K NT'. We will denote

VY ={2€C(K):a(x) <z(xr) <blx) Vr € K}.
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Let us remark that a (b) can be identically equal to —oo (+00),
which means that we only have upper (lower) bounds on the state.
Thus the above framework define a quite general formulation for
the pointwise state constraints.

REMARK 1.1. By using Tietze’s theorem we can extend the
functions a and b from their respective domains to continuous func-
tions on K, denoted by @ and b respectively, such that a(z) < b(x)
Ve € K. Since K is compact, there exists p > 0 such that
b(z) — a(x) > p for every x € K. If we define z = (a + b)/2,
then Bj/2(2) C Yy, where B;/5(Z) denotes the open ball in C'(K)
with center at z and radius p/2. Therefore ), is a closed convex
set with nonempty interior.

REMARK 1.2. A typical functional in control theory is

Iw) =5 [ {ln(o) = wa@) + Nei()} e

where y; € L*(Q) denotes the ideal state of the system. The term
Jo Nu?(2)dz can be considered as the cost term and it is said that
the control is expensive if N is big, however the control is cheap if NV
is small or zero. From a mathematical point of view the presence of
the term Nu?, with N > 0, has a regularizing effect on the optimal
control; see §2.3.

REMARK 1.3. The most frequent choices for the set of controls
are K = L*(Q) or

K=Uyp={uc L*(Q):a(r) <ulx) < B(z) ae. in Q}
where a, 3 € L*(Q).

Given u € L"(€2), with » > n/2, the existence of a solution y,
in H}(Q) N L>*(Q) of (1.1) can be proved as follows. Without lost
of generality we can assume that » < 2. First we truncate a

aon(7,t) = ap(z, Proj [—M,+M] (t))-

The Assumption (A2) implies that
laour(, (@) < lag(w,0)| + Cons M € L(Q), with p > .
Now we can define the mapping F': L"(2) — L"(Q2) by F(y) = z

where z € H'(2) is the unique solution of

Az + agy(z,y) = u inQ
z = 0 onT.
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Now it is easy to use the Schauder’s theorem to deduce the existence
a fixed point y; of F'. On the other hand, thanks to the monotonic-
ity of ag with respect to the second variable we get that {yas}35_; is
uniformly bounded in L>°(€2) (see, for instance, Stampacchia [23]).
Consequently for M large enough agr (z, yn(z)) = ao(x, yn(z))
and then y); = y,. Thus, the monotonicity of ay implies that ,,
is the unique solution of (1.1) in Hg(Q2) N L*°(Q). On the other
hand the inclusion Ay, € L9(Q), with ¢ = min{r, p} > n/2, implies
that y, belongs to the space of Holder functions C?(Q) for some
0 <6 <1;see [12].

In the case of Lipschitz coefficients a;; and a regular boundary
[' we have some additional regularity for y,. Indeed, the result
by Grisvard [13] implies that y, € W?4(2), where ¢ is defined as
above. In the case of convex sets 2 and supposing that p,r > 2 we
have H?(2)-regularity of the states, see [13] again. The following
theorem summarizes these regularity properties.

THEOREM 1.4. For any control w € L"(Q2), with r > n/2, there
exists a unique solution y, of (1.1) in HY(Q) N C%Q) for some
0 < 6 < 1. Moreover there exists a constant C'4 > 0 such that

(12)  Nyullmyo) + Igalloo@) < Ca (llao(- 0)llzr) + lullzr@) -

Moreover if Q is conver and a;; € COH(Q) for 1 <i,j < n and
p,r > 2, theny, € H*(Q). Finally, if a;j € C*'(Q) for1 <i,5<n
and T is of class CYY, then y, € W4(Q) where ¢ = min{r, p}.

The next theorem states the existence of a solution for the con-
trol problem (P).

THEOREM 1.5. Under the assumptions (A1)-(A4), the problem
(P) has at least a solution if one of the following hypotheses holds
(1) Either K is bounded in L*(£2)
(2) or L(z,y) > ¥(x) + A\y?, with 0 < 4|]A\|C3 < N and ¢ €
LY(9).

PRrROOF. Let {ux} C K be a minimizing sequence of (P), this
means that J(ug) — inf(P). Under the first hypothesis of the the-
orem, we get that {u;}32, is a bounded sequence in L*(Q). In the
second case, from (1.2) it is easy to deduce that

N
) > [ o) de-2C a0 o (5~ 2R sl

10
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Thus {u}32, is a bounded sequence in L*(Q) in any of the two
cases.

Let us take a subsequence, again denoted in the same way, con-
verging weakly in L*(Q2) to an element @. Since K is convex and
closed in L?(€2), then it is weakly closed, hence 4 € K. From Theo-
rem 1.4 and the compactness of the embedding C?(Q) C C(Q), we
deduce that y,, — ya strongly in H}(Q) N C(Q). This along with
the continuity of ¢ and the fact that a(z) < g(x,y,, () < b(z)
for every x € K implies that a(z) < g(x,ya(z)) < b(z) too, hence
U € Uyg.

Finally we have

J(u) < li;n lrolf J(ux) = inf (P).
a

An existence theorem can be proved by a quite similar way for

a more general class of cost functional

J(u) :/QL(x,yu(x),u(x))dx,

where L : 2 x R x R — R is a Carathéodory function satisfying
the following assumptions

H1) For every (z,y) € 2 xR, L(z,y,) : R — R is a convex
function.

H2) For any M > 0 there exists a function ¢, € L'(Q) and a
constant C > 0 such that

L(z,y,u) < Yn(x) + Ciu? ae. €, Y|yl < M.

H3) Either K is bounded in L*(Q2) or L(x,y) > ¢(x)+Cy(Nu?—
y?), with 0 < 203 < N, Cy, > 0 and v € L'(Q).

Then problem (P) has at least one solution.

If we assume that K is bounded in L>(f2), then it is enough to
suppose H1) and

H2) For any M > 0 there exists a function ¥y, € L'(Q) such
that

|L(z,y,u)| < Yu(z) ae xeQ, Y|yl ul <M.

The convexity with respect to the control of L is a key point in
the proof. If this assumption does not hold, then the existence of
a solution can fail. Let us see an example.

—Ay = u in Q
{ y = 0 on TI.

11
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Minimize J(u) = / u(@)? + (u2(z) — 1) da

(P) o
—1<u(z) <41, zeq.

Let us take a sequence of controls {uy}2; such that |ug(z)| =1
for every x € Q and verifying that uy — 0 *weakly in L>(€2). The
reader can make a construction of such a sequence (include §2 in
a n-cube to simplify the proof). Then, taking into account that
Yu, — 0 uniformly in 2, we have

. . . 2

0< —1gir(1xf;g+1 J(u) < klirgo J(ug) = ’}Lrgo Qyuk (x)*dx = 0.
But it is obvious that J(u) > 0 for any feasible control, which
proves the non existence of an optimal control.

In the lack of convexity of L, it is necessary to use some com-
pactness argumentation to prove the existence of a solution. The
compactness of the set of feasible controls has been used to get
the existence of a solution in control problems in the coefficients
of the partial differential operator. These type of problems appear
in structural optimization problems and in the identification of the
coefficients of the operator; see Casas [2] and [3].

To deal with control problems in the absence of convexity and
compactness, (P) is sometimes included in a more general problem
(P), in such a way that inf(P)= inf(P), (P) having a solution. This
leads to the relaxation theory; see Ekeland and Temam [10], Warga
[25], Young [26], Roubicek [21], Pedregal [19].

12



CHAPTER 2

First and Second Order Optimality Conditions

In this chapter we are going to study the first order optimality
conditions. They are necessary conditions for local optimality. In
the case of convex problems they become also sufficient conditions
for global optimality. In the absence of convexity the sufficiency
requires the use of second order optimality conditions. We will
also state the sufficient conditions of second order. The sufficient
conditions play a crucial role in the numerical analysis of the prob-
lems. From the first order necessary conditions we can deduce some
regularity properties of the optimal control as we will prove later.

2.1. First Order Optimality Conditions

The key tool to get the first order optimality conditions is pro-
vided by the next lemma.

LEMMA 2.1. Let U and Z be two Banach spaces and K C U
and C C Z two convex sets, C having a nonempty interior. Let u
be a local solution of problem

Q) Min J(u)
u € K and F(u) € C,
where J : U — (=00, +00] and F : U — Z are Gateaux differen-

tiable at w. Then there exist a real number & > 0 and an element
i € 7' such that

(2.3) a—+ |||z > 0;
(2.4) (i, z — F(u)) <0 Vz e C;
(2.5) (aJ'(u) + [DF(a)]* i, u —u) >0 Yu e K.

Moreover can take & = 1 if the Salter conditions holds:

o

(2.6) Juy € K such that F(a) + DF(u) - (up —u) €C .
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Reciprocally, if u is a feasible control, (Q) is a convex problem and
(2.4) and (2.5) hold with & = 1, then @ is a global solution of (Q).

We recall that (Q) is said convex if the function J is convex and
the set
Uy ={ueK: F(u) € C}

is also convex.

PROOF. First we make the proof for global solutions of (Q).
Consider the sets

A={(z,\) € ZxR:3JueK such that
z=F(u)+ DF(a) - (u—u)and A= J'(a) - (u—1u)}

)
and B =C x(—00,0). It is is obvious that A and B are convex
sets. Moreover they are disjoints. Indeed, suppose that there exists
an element ug € K such that
20 = F(u)+ DF(a) - (up —u) =
(@)
F(a) + lim, o  [F (@ + p(ug — @) — F(a)] € C
and
1
No = J'(8) - (wg — ) = lim = (J (@ + plup — 7)) — J (@) < 0.
p—0 p
Then we can find pg € (0, 1) such that

2, = F(u) + % (F(a+ plug — @) — P(@) €C ¥p € (0, po),

1
g (J(@+ plug — 1)) = J(u) <0 Vp € (0, po).
This implies
o
F(u+ p(ug —u)) = pz,+ (1 — p)F(u) €C
and
J(a+ plug —u)) < J(u)
for every p € (0, pg), which contradicts the fact that @ is a solution

of (Q).

Now taking into account that B is an open set, from the sep-
aration theorems of convex sets (see, for instance, Brezis [1]) we
deduce the existence of i € Z" and & € R such that

(27) <ﬂ, 211> + ai > <ﬂ, 2’2> + Ay V(Zl, /\1) € A, V(ZQ, )\2) € B.

14
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Let us prove that & > 0. If @ < 0, we take \; =0, z; = F(u),

29 € (8 fixed and Ay = —Fk in (2.7), with k a positive integer, which
leads to
<la7 F(ﬂ» > <ﬂ7 Z2> — ak.

Taking £ large enough we get a contradiction, hence & > 0. More-
over, since (2.7) is a strict inequality, & = ||z|| = 0 is not possible,
which proves (2.3).

Since B = C x (—o0,0], we get from (2.7)
(28) <ﬂ7 Zl> +ar > <ﬂ> 22> +ahy V(Zl, )‘1) S Aa V(ZQ, )‘2) € B.
Now it is sufficient to take z; = F(u), 20 = z € C and \; =
Ay = 0 to deduce (2.4). The inequality (2.5) is obtained setting
2z = F(u) + DF(u) - (u —u), \y = J'(a) - (u—a), with u € K,
Ao =0 and 2z, = F(a).

Finally, let us prove that & # 0 when the Slater condition holds.
Let us assume that (2.6) holds and @ = 0. As a first consequence
of this assumption we get

(2.9) (i, — F(@)) <0 VzeC.
To prove this inequality it is enough to suppose that there exists
2 € (Oj such that (g, zo — F'(u)) = 0. Using (2.4) we deduce
(i, z4+ 20 — F(u)) <0 Vz e B(0),

with € > 0 small enough, in such a way that B(zo) C(%. Then
(i1, z) <0 for all z € B,(0), hence i = 0, which contradicts (2.3).

Taking now z = F(u) + DF(u) - (ugp —u) € ((% in (2.9), it follows

([DF(a))* i, uo — @) = (i, DF (@) - (g — @) < 0,

which contradicts (2.5), therefore @ > 0. It is enough to divide
(2.4) and (2.5) by @ and to denote again the quotient fi/& by fi to
deduce the desired result.

Now let us consider the case where u is only a local solution of
(Q). In this case, @ is a global solution of

Min J(u)
(Q:) { u€ ]K(m B.(u) and F(u) € C,

for some £ > 0 small enough. Then (2.3) and (2.4) hold and (2.5)
is replaced by

(aJ' () + [DF (a)]* i, v —u) >0 Yu € KN B.(u).

15
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Now it is an easy exercise to prove that the previous inequality
implies (2.5). On the other hand let us remark that if the Slater
condition (2.6) holds for some ug € K, then there exists py > 0
such that u, = @+ p(up — ) € KN B.(a) for every 0 < p < po.
Moreover, for any of these functions v, we have

F(@) + DF(@) - (u, — @) = F(@) + pDF(@) - (uo — 1)
— (1= p)F(@) + plF (@) + DF (1) - (uo — )] €C,

which implies that Slater condition also holds at u for the problem
(Qe)-

Finally, let us prove the reciprocal implication. We assume that
J is a convex function, U, is a convex set set and (2.4) and (2.5)
hold with & = 1. Let us take u € U,q arbitrary and define u, =
u+ p(u—u) for every p € [0,1], then u, € Uyq. Using (2.4) and the
fact that F'(u,) € C we get

1

(IDF (@)}t — ) = Yim (. F(u) ~ F(a)) <0.

Using this inequality and (2.5) we obtain
0 < (J'(u) + [DF@)]" 1, u — u) < J'(@)(u - u).
Finally from this inequality and the convexity of J we conclude

0 < lim (%) = /(@)

lim p < J(u) — J(a).

Since u is arbitrary in U,4, we deduce that « is a global solution. [

In order to apply this lemma to the study of problem (P) we
need to analyze the differentiability of the functionals involved in
the control problem.

PROPOSITION 2.2. The mapping G : L*(2) — H}(Q)NC?(Q)
defined by G(u) = v, is of class C%. Furthermore if u,v € L*(2)
and z = DG(u) - v, then z is the unique solution in HZ(Q)NC?(Q)
of Dirichlet problem

(2.10) AZ+%—(Z)(x,yu(x))z = v in Q,
z = 0 on I.

16
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Finally, for every vi,vg € L*(Q), 2y, = G (u)vivy is the solution

of
(2.11)
8(10 82(1,0 .
szl'UQ + a_y(m7 yu)zvﬂ)g + a_y2($7 yu>2’u12v2 - O m Q
Zopw, = 0 on I
where z,, = G'(u)v;, i = 1,2.

PROOF. Let us fix ¢ = min{p, 2} > n/2. To prove the differen-
tiability of G we will apply the implicit function theorem. Let us
consider the Banach space

V(Q) ={y e Hy(Q)NC’ Q) : Ay € LU(Q)},
endowed with the norm

lvllvie) = vz + vllco@ + 1Ayl La@)-
Now let us take the function
F:V(Q) x LYQ) — LIQ)
defined by
F(y,u) = Ay + ao(-, y) — u.

It is obvious that F is of class C?, y, € V(Q) for every u € L),
F(Yu,u) =0 and
9]
%—j(y, u)-z=Az+ ai;(x,y)z

is an isomorphism from V' (€2) into L(Q2). By applying the implicit
function theorem we deduce that G is of class C* and z = DG(u)-v
is given by (2.10). Finally (2.11) follows by differentiating twice
with respect to u in the equation

AG(u) + ao(-,G(u)) = u.

0
As a consequence of this result we get the following proposition.

PROPOSITION 2.3. The function J : L*(2) — R is of class C?.
Moreover, for every u,v,vy,vy € L*(Q)

(2.12) J (u)v = /Q(gou + Nu)vdx

17
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and
(2.13)
J" (w)vyve

62[/ 82(10
= /Q |:8_y2('r> yu)Z’UI’ZUZ + Nvjvy — cpua_yg($v yu)zvlzvz dx
where z,, = G'(u)v;, i = 1,2, and p, € Wy *(Q) for every 1 < s <
n/(n — 1) is the unique solution of problem

day oL

(2.14) Ay
p = 0 on I,

A* being the adjoint operator of A.

PRrROOF. First of all, let us remark that the right hand side of
(2.14) belongs to L'(Q) ¢ H(Q); see Assumption (A3). This
implies that the solution of (2.14) does not belong to HJ(£2), but
it is just an element of W, *(Q) for all 1 < s < n/(n — 1); see
Stampacchia [23]. Since n < 3, then WH*(Q) C L*(Q) for 2n/(n +
2) <s<nf/(n—1).

From Assumption (A3), Proposition 2.2 and the chain rule we
get

J(u) v = / [a—L(x,yu(x))zv(m) + Nu(x)v(a:)} dx,
o L9y
where z, = G'(u)v. Using (2.14) in this expression we obtain
0
J(u)-v= / {[A*SOu + aiyo(;p, Yu)Pu) 2o + Nu(x)v(x)} dz
0

= /Q {[Azu + %—?(w, Yu)20)Pu + Nu(x)v(l“)} dx

_ / lpu(x) + Nu(a)]o(z) de,

which proves (2.12). Finally (2.13) follows in a similar way by
application of the chain rule and Proposition 2.2. O
The next result is an immediate consequence of Proposition 2.2.

PROPOSITION 2.4. The mapping F : L*(Q) — C(K), defined
by F(u) = g(-,yu(+)), is of class C%. Moreover, for all u,v,vy,vs €

18
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L2(@)
(2.15) F{uyo = g_g<.,yu<.>>zv<->
and

(2.16)  F"(u)vrvg = g—y“z(-,yu(~))zm(~)zv2(-) + g—z(-,yu(~))zulv2(-)

where z, = G'(u)v, z,, = G'(u)v;, i = 1,2, and zy,,, = G"(u)v1vs.

Before stating the first order necessary optimality conditions,
let us fix some notation. We denote by M (K) the Banach space of
all real and regular Borel measures in K, which is identified with
the dual space of C'(K). The norm in M (K) is given by

sl = () = sup { [ =)o) = € €000, Jelloa <1},

where |u|(K) is the total variation of the measure p.
Combining Lemma 2.1 with the previous propositions we get
the first order optimality conditions.

THEOREM 2.5. Let u be a local minimum of (P). Then there
erista > 0,7 € H{(Q)NC?(Q), ¢ € W, *(Q) foralll < s < n/(n—
1), and i € M(Q), with (a,n) # (0,0), such that the following
relationships hold

Ay +ap(z,y) = u in
(2.17) { i — 0 onl
* — 8&0 N = _aL _ 89 N
(2.18) A@Jra_y(%y)%@ = aa—y(x,yHa—y(x,y)u in €,
p = 0 on T,

(2.19) / (z(x) — g(z,y(x))di(x) <0 Vz € Vu,
K
(2.20) / 3(2) + GNA()|(ulz) — a(x))dz > 0 Yu € K.
Q
Furthermore, if there exists ug € K such that
9y

(2.21)  a(x) < g(x,y(x)) + a—y(x,g(x)),zo(x) <b(x) VreK,
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where 2o € HY(Q) N C?(Q) is the unique solution of

8@0
Az+ —(x,9)z = up—u in
(2.22) 5y =9 "

z = 0 on I’

then (2.17)-(2.20) hold with & = 1. Reciprocally, if u € Uyq, the
functions ag and g are constant or linear with respect to y, L is
conver with respect to y and (2.17)-(2.20) hold with & = 1, then @
is a global solution of (P).

PROOF. The previous theorem is a consequence of Lemma 2.1
and the Propositions 2.3 and 2.4. Indeed it is enough to take Z =
C(K), C = Yu, F(u) = g(-,y,) and J as the cost functional of
(P). In this framework (2.4) is equivalent to (2.19). Then it is
immediate the existence of i and @, with (&, 1) # (0,0), such that
(2.19) holds. Let us check that (2.5) is equivalent to (2.20). First
denote the state associate to @ by 7, then (2.17) holds. Now we
define g, ¥y € W,y *(Q) satisfying

Kpat Boeppe = a5 (o) o

(2.23)
Vg = 0 on I’
and
. Jag , _dg, .
Vg = 0 on I'

respectively. Setting ¢ = ¢, + ¥, then we have that ¢ satisfies
(2.18). From (2.12) and (2.15) we get for every v € L*(Q)

(aJ'(u) + [DF(a)]" i, v)
dg

:/(<Pa+ozNu)Uda:+/ —=(x, )z, dji(x)
Q K 0y
(9&0

= /Q(SOu +aNu)vdr + (A + 8_y(x’ Y)WVpis Zo) M(K),C(K)
= /(c,ou + aNu)vdr + /(sz + %(at, Y)2y) W dx

Q Q dy
= /(QO + aNu)vdz.

Q

which proves the desired equivalence.
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Finally, we observe that (2.22) is the formulation of the Slater
hypothesis (2.6) corresponding to the problem (P). The rest is ob-
vious. [

Let us prove some properties of the Lagrange multiplier ji. De-
fine

K, ={z € K:g(z,y(z) = a(z)}
and

Ky ={r € K:g(z,y(x)) = b(x)}.
Now we set Ky = K, U K;,. Then we have the following decompo-
sition of fi.

COROLLARY 2.6. The multiplier i has the following Lebesgue
decomposition i = gt — g~, where i~ and gt are positive mea-
sures on K whose supports are contained in K, and K, respectively.
Moreover we have

I alla) = 1a(Ko)| = i~ (Ka) + i (KG).

PROOF. Let us prove that the support of ji is concentrated in
Ky. Take a sequence of compact subsets of K, {K;}32,, such that

Kj1 CK;,C Kj=K;Vj>1 and ﬂ K; = K.
j=1

o
For every j we have a(z) < g(z,y(x)) < b(z) for all z € K\ Kj,
then we deduce the existence of a sequence of strict positive num-
bers {g;}32, such that

a(z) + &5 < gz, 5(x)) < b(z) —&; Yz € K\ K;, Vj > L.

For every function z € C(K) with support in K\ K; and z # 0 we

define
z(z)

zi(z) = sj| +g(z,y(x)) Vo e K.

|Z||C(K)

It is clear that z;(z) = g(z,y(x)) for every x € K; and z; € Vg,
Then (2.19) leads to

[ et = Izllow [ Gite) = oo 5@ di(a) < 0
K\K, K

€j
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for every z € Co(K\ K ), which implies that i|x\x; = 0, therefore
(B Ko) = T [l (56 ) =0,

hence the support of fi is included in Kj.

Finally, since K, and K, are disjoint, any function z € C(K,)
can be extended to a continuous function Z in K, by setting Z(x) =
g(x,y(x)) for x € K. Using Tietze’s Theorem and assuming that
a(z) < z(z) < b(x) for all z € K,, we also extend Z to a continuous
function in K such that Z € ). Therefore, using once again (2.19)
we get

| @)~ a@) dnta) = [ (:1a) - gl p(e)) da(o) < 0.
K. K

This inequality implies that f is nonpositive in K,. Analogously
we prove that i is nonnegative in K}, which concludes the proof.
0

REMARK 2.7. Sometimes the state constraints are active at a
finite set of points Ko = {x;}7-; C K. Then the previous corollary
implies that

& R 0 if g(xj,y(z;)) = b(z;),
(2.25) o= ijéxj, with A; = { i 0 if ing,znggg a((ﬂf‘j)%

where 6ZJ. denotes the Dirac measure centered at x;. If we denote
by ¢j, 1 < j < m, and @, the solutions of

Bao

J=1

A6 4+ 2z g(x))e; = 6, inQ
(2.26) @; + 3y (z,9(x))@; 0y; In
g; = 0 onl
and
6&0 oL .
A* @y + =2z, 5(2)) By = —(x.7 Q
(2.27) Po + o (z,7(x))Po ay(ﬂ%y) in

oo = 0 on [’
then the adjoint state defined by (2.18) is given by

L)
(2.28) p=agy+ ) Aja—z(xj, y(5))@;-
j=1
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2.2. Regularity of the Optimal Controls

From the optimality conditions we can deduce some properties
on the behavior of the local minima. In the following theorem we
consider some different situations.

THEOREM 2.8. Let us assume that @ is a local minimum of (P).
Then the following statements hold.

o [fK=L*Q) and N > 0, then
(229) a=1 and *——l*ewl’s(Q) forall1 < <
: a=1 and u=—-=peW, orall1<s< —.

o IfK=U,p={ue L*Q):az) <u(z) <B(z) ae inQ}
and N >0 and & = 1, then u is given by the expression

Moreover, u € WH5(Q) for all1 <s<n/(n—1) ifa,[ €
Whs(Q).
o IfK=U,p and aN =0, then
v oalz) ife(z) >0
(2:31) ue) = { B(z) if plx) <.

The proof follows easily from the inequality (2.20). Now we can
improve the regularity results if we assume more regularity on the
data of the control problem. Let us start supposing that Kj is a
finite set. The following result was proved in [4].

THEOREM 2.9. Assume p > n in Assumption (A2) and 1y €
LP(Q) in (A3). Suppose also that N > 0, K = Upp, a;j,a, €
C(Q), 1 <i,5 <n and that T is of class C'. Let (y,u,p, 1) €
HYQ)NCY(Q)x L= (Q)x Wy * (Q)x M (K), forall1 < s < n/(n—1),
satisfy the optimality system (2.17)-(2.20) with & = 1. If the active
set comsists of finitely many points, i.e. Ko = {x;}7.,, then u
belongs to C%1(Q) and i to WP(Q).

PROOF. From (2.26) and (2.27) we deduce that @y € W?P(Q) C

CY(Q) and p; € W2P(Q\ B.(x;)) € CHQ\ Be(z;)), 1 < j < m for
any € > 0. Furthermore it is well known, see for instance [17], that
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the asymptotic behavior of ¢;(x) when  — x; is of the type

(01 log

. |z — ]
(2.32) @i(x) ~ .
(C’l— + Cg> if n > 2,

|z — |

with C; > 0. In particular we have that ¢ € CH(Q\ {z;}ien),
where

Ii={j€[l,m]: )\ #0}.
Let us take
(2.33) Cap = llallzee(@) + (1Bl () + 1.
Thanks to (2.32) we can take e,45 > 0 such that

|(ﬁ($)| > Ncaﬁ Vi € U BE(m(xj)v
j€lz
the sign in B, (z;) being equal to the sign of A;(9g/dy)(z;, §(x;)).
Finally, (2.30) implies that

a(z) if ng—z(xj,y(xj)) >0
ﬂ(l‘) = . 5\ 89 ) Vx € Baag(xj)'
Bx) i ja_y(xj7y<xj)) <0

Finally, the Lipschitz regularity of ¢ in Q \ Ujer, B.,,(z;) and «
and 3 in Q respectively, along with (2.30) implies that @ € C%1((Q).
Indeed, it is enough to observe that for any numbers ¢, € R and
elements x1, 5 € Q it is satisfied

|Projja (e sz (t2) = PrOffagan) pan) (1)

= | max{a(zy), min{ts, 5(z2)}} — max{a(zy), min{t;, 5(x1)}}|

< lafzz) — alz)] + |B(x2) — Blay)] + [tz — 1.
a

Surprisingly, the bound constraints on the controls contribute

to increase the regularity of u. Now the question arises if this Lip-
schitz property remains also valid for an infinite number of points
where the pointwise state constraints are active. Unfortunately, the
answer is negative. In fact, the optimal control can even fail to be

continuous if K is an infinite and numerable set. Let us present a
counterexample.
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Counterexample. We set 0 = {z € R?: ||z|| < v/2},

i(z) = 1 if [|z]] <1
PUOT U =l -0 i1 < el <V,
K = {2*}%, U {z*>}, where 2% = (1/k,0) and 2> = (0,0), and
B3 e
k?
k=1
Now we define g € W, *(Q) for all 1 < s < n/(n—1) as the solution

of the equation

—Ap = y+p inQ,
(2.34) { sy

p =0 on I'.
The function ¢ can be decomposed in the following form

1 k
(@) + ol — )

o

@(x) = (x) +

where ¢(z) = —(1/27)log ||z|| is the fundamental solution of —A
and the functions 1, ¢ € C?(Q) satisfy

{—A?/J(JZ) = y(x) inQ, {—AQ/Jk(x) =0 in €,
P(r) = 0 onT, Yp(r) = —¢(x—2%) onT.

Finally we set

- 1
(2.35) | kz_: AL

u(x) = Proji_a 0 (—(2))

and ag(z) = u(z) + Ag(x). Then u is the unique global solution of
the control problem

min J(u) = %/(yi(x) +u* (7)) dx
Q
(P) subject to (y.,u) € (C(Q) N HY(Q)) x L=(Q),
—M <u(x) <+M forae ze€f,
[ 1< wulz) <+1 VzEK,

=1
+2 el
k=1
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where v, is the solution of

—Ay+ag(x) = wu inQ,
(2:36) { y = 0 onT.

We have that @ is not continuous at x = 0; see [8] for the
details. Nevertheless, we are able to improve the regularity result
of Theorem 2.8; see again [8] for the proof.

THEOREM 2.10. Suppose that u is a strict local minimum of
(P). We also assume that Assumptions (A1)-(A4) and (2.21) hold,

N >0,K=Ug, o, LQNH(Q), a;; € C(Q) 1<14,5<n),
p>n/2, and ¥y € LP(Q) in (A3). Then u € H*(Q).

2.3. On the uniqueness of the Lagrange multiplier j

In this section, we provide a sufficient condition for the unique-
ness of the Lagrange multiplier associated with the state constraints.
We also analyze some situations where these conditions are satis-
fied. It is known that a non-uniqueness of Lagrange multipliers
may lower the efficiency of numerical methods, e.g. primal-dual
active set methods. Moreover, some other theoretical properties
of optimization problems depend on the uniqueness of multipliers.
Therefore, this is a desirable property.

In this section we will assume that K = U,gs.

THEOREM 2.11. Assume (A1)-(A4), (2.21) and the existence
of some € > 0 such that the following property holds

(2.37)
dg —_

T : L*(Q.) — C(Ky), Tv = a—y(x,y(w))zv, R(T) = C(Ky)

where R(T) denotes the range of T and
Q. ={reQ:alx)+e<ulr) < f(z)—e},
z, € HY(Q) N CY(Q) satisfies
8&0 .
Azy + —(r,9)zy, = v inQ
(2.38) dy (@)
z, = 0 onT,

and v is extended by zero to the whole domain €2. Then there exists
a unique Lagrange multiplier i € M(K) such that (2.17)-(2.20)
hold with & = 1.
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See [8] for the proof.

For a finite set K = {x;}}_,, assumption (2.37) is equivalent
to the independence of the gradients {F}(@)};er, in L*(€.), where
F; : L*(Q.) — R is defined by Fj(u) = g(x;,y.(z;)) and Iy is
the set of indexes j corresponding to active constraints. It is a
regularity assumption on the control problem at u. This type of
assumption was introduced by the authors in [7] to analyze control
constrained problems with finitely many state constraints. The
first author proved in [4] that, under very general hypotheses, this
assumption is equivalent to the Slater condition in the case of a
finite number of pointwise state constraints.

We show finally that (2.37) holds under some more explicit as-
sumptions on @ and on the set of points K, where the state con-
straint is active; see [8].

THEOREM 2.12. Assume that (A1)-(A4) and (2.31) hold and
that the coefficients a;; belong to C%*(Q) (1 < i,j < mn). We also
suppose the following properties:

(1) The Lebesgue measure of Ky is zero.

(2) There exists € > 0 such that, for every open connected
component A of Q\ Ky, the set AN Q. has a nonempty
nterior.

(3) (0g/0y)(z,y(x)) # 0 for every x € K.

Then the regularity assumption (2.37) is satisfied.

If a,8 € C(Q), then @ € C(Q\ Kp); cf. Theorem 2.8. Hence
property 2 of the theorem is fulfilled, if @ is not identically equal
to « or § in any open connected component A C Q2 \ Ky. Indeed,
since u € C(A) and © # o and u #Z (3 in A, there exists xy € A
such that a(zg) < u(zg) < [(xp). Consequently, the continuity of
« implies the existence of ¢ > 0 such that A N €). contains a ball
Bp($0).

Let us also mention that property 3 of the theorem is trivially
satisfied if the state constraint is a(z) < y(z) < b(z) for every
xr e K.

We conclude this section by establishing that the regularity
condition (2.37) is stronger that the linearized Slater assumption
(2.21); see [8].
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THEOREM 2.13. Under the assumptions (Al1)-(A4) the reqular-
ity condition (2.37) implies the linearized Slater condition (2.21).

2.4. Second Order Optimality Conditions

In this section the goal is to derive the sufficient conditions for
local optimality. We will follow the ideas developed in [5]. In the
whole chapter we will assume that N > 0 and K = U,g.

Let us introduce some notation. The Lagrange function associ-
ated with problem (P) is defined by

L: LX) x M(K) — R

Clu, ) = J(u) + / 0z, yul@)) d(z).

K
Using Proposition 2.2, (2.12) and (2.15) we find that

(2.39) %(u, IRES /Q (pu(x) + Nu(z)) v(z) de,

where ¢, € Wy*(Q), for all 1 < s < n/(n — 1), is the solution of
the Dirichlet problem

(2.40)
% aao N 8L ag .
Ao + oy (T, 9.)p = ay(x,yu)Jray(x,yu(w))u in Q
e = 0 onI'.

From the expression (2.39) we get that the inequality (2.20) can
be written as follows

oL, _
5 (&
assuming that a = 1.
Before we set up the sufficient second order optimality condi-
tions, we evaluate the expression of the second derivative of the
Lagrangian with respect to the control. From (2.16) we get
0L

W(u, pwvrvg = J" (u)vivg

(2.41) Ju—u)>0 Yu € lUyp

=i

g dg
+/K{a—zﬁ(x,yu(x))zm(w)zw(w)+a—y(w,yu($))2v1v2($) dp(z).
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By (2.10), (2.11) and (2.13), this is equivalent to
0*L

W(u’ 1) v102

82[/ 0261
= [ |G mn + Nows = e, G do

(242) + /K g—y&x,yu(x))zm(x)zvz(x) dyu(x),

where ¢, is the solution of (2.40).
Associated with u, we define the cone of critical directions by

Cy = {v € L*(Q) : v satisfies (2.43), (2.44) and (2.45) below},

> 0 if u(x) = a(zx),
(243) o(@)=1{ <0ifa(z) = B(x),
=0if p(x) + Nu(x) #0,
dg, _ >0 ifre K,
24) ago)ain ={ 20 §1EE
0
(2.45) 99 (2, 5(x)) 20(2) dfi(z) = 0,
K Oy
where z, € H}(Q) N CY%() satisfies
6(10 _ . .
Az, + 8_y<x’y)2” = v inQ
Zz, = 0 onl.

The relation (2.44) expresses the natural sign conditions, which
must be fulfilled for feasible directions at active points x € K, or
Ky, respectively. On the other hand, (2.45) states that the deriv-
ative of the state constraint in the direction v must be zero when-
ever the corresponding Lagrange multiplier is non-vanishing. This
restriction is needed for second-order sufficient conditions. Com-
pared with the finite dimensional case, this is exactly what we can
expect. Therefore the relations (2.44)-(2.45) provide a convenient
extension of the usual conditions of the finite-dimensional case.
Condition (2.45) was proved for the first time in the context of
infinite-dimensional optimization problems in [5]. In earlier papers
on this subject, other extensions to the infinite-dimensional case
were suggested. For instance, Maurer and Zowe [18] used first-order
sufficient conditions to account for the strict positivity of Lagrange
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multipliers. Inspired by their approach, in [9] an application to
state-constrained elliptic boundary control was suggested by the
authors. In terms of our problem, equation (2.45) was relaxed by

dg

[ i)z (e) di(w) = / jo(2)] da

{z:]@(2)+ Na(z)|<T}

for somee > 0and 7 > 0, cf. [9, (5.15)]. In the next theorem, which
was proven in [5, Theorem 4.3], we will see that this relaxation is not
necessary. We obtain a smaller cone of critical directions that seems
to be optimal. However, the reader is referred to Theorem 2.15
below, where we consider the possibility of relaxing the conditions
defining the cone Cf.

THEOREM 2.14. Assume that (A1)-(A4) hold. Let u be a fea-
sible control of problem (P), y the associated state and (@, 1) €
Wy (Q) x M(K), for all 1 < s < n/(n— 1), satisfying (2.18)-
(2.20) with & = 1. Assume further that

2
(2.46) %(u,u)qﬂ >0 Yo e Cy\ {0}
Then there exist € > 0 and 6 > 0 such that the following inequality
holds:
(2.47)

) . _
J(u) + §||U - ﬂ”%z(g) < J(u) if flu—ulrze) <€ and u € Usa.

The reader is referred to [5] for the proof. The condition (2.46)
seems to be natural. In fact, under some regularity assumption, we
can expect the inequality

2
%(a,ﬁ)zﬂ >0 YveC;
to be necessary for local optimality. At least, this is the case when
the state constraints are of integral type, see [6] and [7], or when
K is a finite set of points, see [4]. In the general case of (P), to our
best knowledge, the necessary second order optimality conditions
are still open.
The proof of the next theorem can be found in [8].
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THEOREM 2.15. Under the assumptions (A1)-(A4), relation (2.46)
holds if and only if there exist 7 > 0 and X\ > 0 such that

82£ = =\,,2 2 T
(2.48) w(u,u)v > Mvll72) Yo € CF.

In [5] the second order optimality conditions are proved for a
more general cost functional

J(u) —/QL(x,yu(x),u(x))dx.

The sufficient conditions are formulated as follows

249) T (e ge), () 2 o i \¢<x>+§—j<x,g<x>,a<w>> <
0’L

(2.50) W(a,ﬂ)iﬂ >0 Vhe g\ {0},

for some w > 0 and 7 > 0. The proof follows the same ideas but it
is technically more complicated. However the consequence of these
assumptions are weaker than those given in Theorem 2.14. Indeed,
(2.49) and (2.50) are sufficient for @ to be a strict local minimum
in the sense of L>°(Q2). More precisely, there exist € > 0 and 6 > 0
such that

J : _
J(u) + §Hu - EH%Q(Q) < J(u) if |lu—a| e < e and u € Uyq.

The difference with respect to Theorem 2.14 is motivated by the
fact that the general functional J defined above is not of class C?
in L*(Q), but it is C? in L>(Q). Here we find the so-called two-
norm discrepancy. The sufficient conditions (2.48) is satisfied with
respect to one norm and the differentiability holds with respect
to a different norm. Typically these two norms are L*() and
L>(Q). Only in the cases where L is quadratic with respect to u
and u appears linearly in the state equation, then we can get the
result provided in Theorem 2.14, which is the most useful for the
numerical analysis.
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