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( N∑
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=
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(pi)︸ ︷︷ ︸
�0

.

∀i ∈ {1, ..., N}, (pi) = 0
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P ∈ n(K), Q ∈ p(K) A = P n,p,rQ,

n,p,r =

(
r 0
0 0

)
∈ n,p(K).

➟
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(B) � (A)

∃ (P,Q) ∈ n,p(K)× q,r(K),
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(α, β) ∈ K2 α �= β

J =

(
α n 0
0 β n

)
, M =

(
A B
C D

)
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M J

B = 0 C = 0.

JM = MJ ⇐⇒
(
α n 0
0 β n
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A B
C D

)
=

(
A B
C D

)(
α n 0
0 β n

)

⇐⇒
(
αA αB
βC βD

)
=

(
αA βB
αC βD

)

⇐⇒
{
αB = βB

βC = αC
⇐⇒

{
(α− β)B = 0

(α− β)C = 0
⇐⇒

{
B = 0

C = 0.

E K
F E n = (E)

p = (F )

LF (E)
E F

L(E)

LF (E)
L(E)

G F
E

LF,G(E)
E F G

L(E)

LF,G(E)
L(E)

� LF (E) ⊂ L(E) 0 ∈ LF (E)

� α ∈ E, f, g ∈ LF (E)

∀x ∈ F, (αf + g)(x) = αf(x)︸︷︷︸
∈F

+ g(x)︸︷︷︸
∈F

∈ F,

F αf + g αf + g ∈ LF (E)

LF (E) L(E)

E B = (e1, ..., en) F
(e1, ..., ep) F

f ∈ L(E), M = B(f)

F f M

M =

(
A B
0 C

)
,

A ∈ p(K), B ∈ p,n−p(K), C ∈ n−p(K)

p(K) × p,n−p(K) × n−p(K) LF (E)
(A,B,C) f E

B(f) =
(
A B
0 C

)
,

(LF (E)
)
=

(
p(K)× p,n−p(K)× n−p(K)

)
=

(
p(K)
)
+

(
p,n−p(K)

)
+

(
n−p(K)

)
= p2 + p(n− p) + (n− p)2 = n2 − np+ p2.

LF (E) L(E)(LF (E)
)
=

(L(E)
)− 1. (∗)



(∗) ⇐⇒ n2 − np+ p2 = n2 − 1 ⇐⇒ np− p2 = 1

⇐⇒ p︸︷︷︸
∈N

(n− p︸ ︷︷ ︸
∈N

) = 1 ⇐⇒
{
p = 1

n− p = 1
⇐⇒

{
n = 2

p = 1.

LF (E) L(E)
n = 2 p = 1

LF,G(E)
L(E)

LF,G(E) = LF (E) ∩ LG(E),
LF,G(E) L(E)

E B = (e1, ..., en)
E = F ⊕G (e1, ..., ep) F

(ep+1, ..., eq) G

f ∈ L(E), M = B(f)

F G f M

M =

(
A 0
0 C

)
,

A ∈ p(K), C ∈ n−p(K)

p(K) × n−p(K) LF,G(E) (A,C)
f E

B(f) =
(
A 0
0 C

)
,

(LF,G(E)
)
=

(
p(K)× n−p(K)

)
=

(
p(K)
)
+

(
n−p(K)

)
= p2 + (n− p)2

= n2 − 2np+ 2p2.(LF,G(E)
)
=

(L(E)
)− 1

⇐⇒ n2 − 2np+ 2p2 = n2 − 1 ⇐⇒ 2(np− p2) = 1,

LF,G(E) L(E)



E,F K n ∈ N∗ E1, ..., En E

E1, ..., En E

∀x1 ∈ E1, ..., ∀xn ∈ En,
(
x1 + · · ·+ xn = 0 =⇒ x1 = ... = xn = 0

)
.

E1, ..., En E

∀(i, j) ∈ {1, ..., n}2, (
i �= j =⇒ Ei ∩ Ej = {0}).
E1, E2, E3 E

E1 ∩ (E2 + E3) = (E1 ∩ E2) + (E1 ∩ E3).

E1, E2, E3 E

E1 + (E2 ∩ E3) = (E1 + E2) ∩ (E1 + E3).

R E = RR E1 E2

E
E

R3 p, q, r 4p+ 5q + 6r = R3 .

f, g E (f) (f) g f g

f, g E

∀A,B ∈ n(K), (AB) = (BA)

∀A,B ∈ n(K), (AB) = (A) (B)



E K A,B,C E.

A+
(
B ∩ (A+ C)

)
= A+

(
C ∩ (A+B)

)
.

(
fa : [0 ; +∞[ −→ R, x �−→ 1

x+ a

)
a∈ ]0 ;+∞[(

fa : R −→ R, x �−→ (x− a)
)
a∈R

.

A ∈ 3,2(R) B ∈ 2,3(R) AB = C, C

C =

⎛
⎝1 0 0
0 0 0
0 0 0

⎞
⎠ ,

⎛
⎝1 1 1
1 1 1
0 0 0

⎞
⎠ ,

⎛
⎝1 1 1
1 1 0
1 0 0

⎞
⎠ ?

n ∈ N∗, X = {x1, ..., xn} n F = KX

i ∈ {1, ..., n}, i : F −→ K, f �−→ f(xi), xi.
( i)1�i�n F ∗.

n ∈ N∗ (A,B) ∈ (
n(C)

)2
AB −BA = n

n, p ∈ N∗ M =

(
A B
0 C

)
A ∈ n(K), B ∈ n,p(K), C ∈ p(K).

M A C

A C M−1

(
fa : R −→ R, x �−→ |x− a|3/2)

a∈R
RR.

E K[ ].

E

E



n ∈ N∗. A ∈ n(K)

n(K) −→ K, X �−→ (AX)

n(K)∗ θ : n(K) −→ n(K)∗

∀A ∈ n(K), ∀X ∈ n(K),
(
θ(A)

)
(X) = (AX)

K

n ∈ N∗, A,B,C ∈ n(C) A2 = A, B2 = B, C2 = C.

M = A+
√
2B +

√
3C M2 = M. B = C = 0.

n, p ∈ N∗, A ∈ n,p(K), r = (A).

∃U ∈ n,r(K), ∃V ∈ r,p(K), A = UV.

M M = (U |V ),

(M) � (U) + (V ).

M M =

(
R
S

)
,

(M) � (R) + (S).

M M =

(
A B
C D

)
,

A D

(M) � (A) + (B) + (C) + (D).

m, n, p ∈ N∗ m � n p � n, M =

(
A B
C 0

)
∈ n(K),

A ∈ m,p(K), B ∈ m,n−p(K), C ∈ n−m,p(K).

M (A) � m+ p− n.

||.||1 ||.||∞
n, p ∈ N∗, A = (aij)ij ∈ n,p(K).

||A||� =
1�j�p

( n∑
i=1

|aij |
)
, ||A||c =

1�i�n

( p∑
j=1

|aij |
)
,

X = (xj)1�j�p ∈ p,1(K) ||X||1 =

p∑
j=1

|xj |, ||X||∞ =
1�j�p

|xj |.

||A||� =
X∈ p,1(K)−{0}

||AX||1
||X||1 , ||A||c =

X∈ p,1(K)−{0}

||AX||∞
||X||∞ .



E K F,G E E.

G =
{
f ∈ L(E) ; (f) = F (f) = G

}
.

G ◦.
E n = (E), p = (F ),

B1 = (e1, ..., ep) F, B2 = (ep+1, ..., en) G, B = (e1, ..., en)
E.

θ : f �−→ B(f) (G, ◦)
(H, ·) H =

{(
M 0
0 0

)
∈ n(K) ; M ∈ p(K)

}
.

n(K) n(K)

n ∈ N− {0, 1}. n(K) n(K).

n, p ∈ N∗, B ∈ n,p(K), C ∈ p(K).

(
n B
0 C

)
= n+ (C).

n, p ∈ N∗, R ∈ n,p(K), S ∈ p,n(K).

p+ ( n +RS) = n+ ( p + SR).

n, p ∈ N∗, A ∈ n(K), B ∈ p(K).

(
A 0
0 B

)
= (A) + (B).

n ∈ N∗, A,B ∈ n(K).

(
A 0
0 A

) (
B 0
0 B

)
A B

n, p ∈ N∗, A,B ∈ n(K), U, V ∈ p(K). A B(
A 0
0 U

) (
B 0
0 V

)
U V

E K f ∈ L(E) F E (F ) � (f)
G F E

(u, v) ∈ (L(E)
)2

(u ◦ f ◦ v) = F (u ◦ f ◦ v) = G.

M =

(
A B
C D

)
, A ∈ n(K), B ∈ n,p(K), C ∈ p,n(K), D ∈ p(K).

M D − CA−1B
M−1



X AXB = 0

m,n, p, q ∈ N∗, A ∈ m,n(K), B ∈ p,q(K).

E =
{
X ∈ n,p(K) ; AXB = 0

}
.

E K

n ∈ N∗, A ∈ n(K)

B,C ∈ n(K)

A = BC, B , C .

n, p ∈ N∗ M =

(
A B
C D

)
A ∈ n(K) B ∈ n,p(K) C ∈ p,n(K) D ∈ p(K)

(M) = n ⇐⇒ D = CA−1B.

K E K p ∈ N∗, F1, ..., Fp E
p⋃

i=1

Fi = E. i ∈ {1, ..., p} Fi = E.

GL(E)

E K e = E , G GL(E)

n = (G) p =
1

n

∑
g∈G

g.

∀h ∈ G, p ◦ h = p.

p E.⋂
g∈G

(g − e) = (p).

( ⋂
g∈G

(g − e)
)
=

1

n

∑
g∈G

(g).



(fa)a∈[0 ;+∞[

(fa)a∈R

(f−1, f0, f1)

A,B
(A,B)

i ∈ {1, ..., n} i ∈ F ∗.

( i)1�i�n

j ∈ {1, ..., n} fj : xi �−→ δij .

M =

(
X Y
Z T

)

a ∈ R, fa C2

R− {a} C2 R.

n = (E).

(P1, ..., Pn+1)
(P1) � ... � (Pn+1),
(Q1, ..., Qn+1) Qn+1 = Pn+1

∀i ∈ {1, ..., n}, (Qi) < (Pn+1),

(P1, ..., Pn)
(P1) < ... < (Pn)

(S1, ..., Sn) Sn = Pn

∀i ∈ {1, ..., n}, (Si) = (Pn).

A ∈ n(K),
ϕA : n(K) −→ K, X �−→ (AX)

n(K)∗.

θ

(α, β, γ) ∈ Z3 α + β
√
2 + γ

√
3 = 0,

α = β = γ = 0.

n,p,r.

(M) = n.

�
∀X ∈ p,1(K), ||AX||1 � ||A||� ||X||1.

� j j

||A||� =
n∑

i=1

|aij |.

�
∀X ∈ p,1(K), ||AX||∞ � ||A||c ||X||∞.

� X =

⎛
⎜⎝
ε1

εp

⎞
⎟⎠ ,

εj =

⎧⎪⎨
⎪⎩

|ai0j |
ai0j

ai0j �= 0

1 ai0j = 0,

i0 ||A||c =

p∑
j=1

|ai0j |.

G ◦,
G

GL(E).

F G,

� f ∈ G f

B
(
M 0
0 0

)
, M ∈ p(K).

�

A =

(
M 0
0 0

)
H, M ∈ p(K),

f E, A B
G.

θ ϕ
θ

(G, ◦) (H, ·).



H n(K).
H ∩ n(K) = ∅.

H

(
n B
0 C

)(
n −B
0 p

)
=

(
n 0
0 C

)
.

n+RS p+SR
n+ p

....

(u, v) ∈ (L(E)
)2

u ◦ f ◦ v = p, p F
G.

....

N =

(
X Y
Z T

)
, MN = n+p.

(
n 0

−CA−1
p

)(
A B
C D

)(
n −A−1B
0 p

)

=

(
A B
0 D − CA−1B

)
.

E K

m,n,a p,q,b a = (A), b = (B)
a � b

r = (A) < n
Mr ∈ r+1(K) r

Nr =

(
Mr 0
0 0

)
∈ n(K).

(
n 0

CA−1 − p

)(
A B
C D

)(
n −A−1B
0 p

)

=

(
A 0
0 CA−1B −D

)
.

p.

F1, ..., Fp+1 E

p+1⋃
i=1

Fi = E, Fp+1 �= E,

p⋃
i=1

Fi �= E,

x, y ∈ E x /∈ Fp+1 y /∈
p⋃

i=1

Fi,

y
x

h ∈ G
g �−→ g ◦ h G∑

g∈G

g ◦ h =
∑
g∈G

g.

p2

x ∈
⋂
g∈G

(g − e),

p(x) = x.

x ∈ (p) g(x) = (g ◦ p)(x),
g ◦ p = p.



n = 2 n � 3

(E1 ∩ E2) + (E1 ∩ E3) ⊂ E1 ∩ (E2 + E3).

E1 + (E2 ∩ E3) ⊂ (E1 + E2) ∩ (E1 + E3).

E1 E2 E E1 ∩ E2 = {0}
0 f E f = g1+g2

g1 : x �−→ f(x) + f(−x)

2
, g2 : x �−→ f(x)− f(−x)

2
, (g1, g2) ∈ E1 × E2

(p, q, r)

3 = ( R3) = (4p+5q+6r) = 4 (p)+5 (q)+6 (r) = 4 (p)+5 (q)+6 (r),

(p), (q), (r) N

E = R2 f, g

A =

(
0 1
0 0

)
, B =

(
1 0
0 0

)

n � 2 A = B = n



x ∈ A+
(
B ∩ (A+ C)

)
.

a ∈ A, b ∈ B ∩ (A+ C) x = a+ b.

b ∈ B a′ ∈ A, c ∈ C b = a′+c.

x = a+ b = (a+ a′) + c.

a+ a′ ∈ A.

c ∈ C c = (−a′) + b ∈ A+B,

c ∈ C ∩ (A+B).

x ∈ A+
(
C ∩ (A+B)

)
.

A+
(
B ∩ (A+ C)

) ⊂ A+
(
C ∩ (A+B)

)
.

(B,C)
(C,B),

A+
(
B ∩ (A+ C)

)
= A+

(
C ∩ (A+B)

)
.

(A+B) ∩ (A+ C).

n ∈ N∗, a1, ..., an ∈ ]0 ; +∞[

λ1, ..., λn ∈ R

n∑
k=1

λkfak = 0.

∀x ∈ [0 ; +∞[,

n∑
k=1

λk

x+ ak
= 0.

[0 ; +∞[
R,

∀x ∈ R− {a1, . . . , an},
n∑

k=1

λk

x+ ak
= 0.

x −ak
∀k ∈ {1, ..., n}, λk = 0.

(fa)a∈ ]0 ;+∞[

a ∈ R

∀x ∈ R, fa(x) = (x− a) = a x− a x,

fa

(fa)a∈R,
2

x ∈ R

(f−1 + f1)(x) = (x+ 1) + (x− 1)

= 2 1 x = (2 1)f0(x),

f−1 − 2 1 f0 + f1 = 0,

(fa)a∈R

A =

⎛
⎝1 0
0 0
0 0

⎞
⎠ , B =

(
1 0 0
0 0 0

)

A =
1

2

⎛
⎝1 1
1 1
0 0

⎞
⎠ , B =

(
1 1 1
1 1 1

)

(A,B)

3 = (C) = (AB) � (A) � 2,

(A,B)

i ∈ {1, ..., n}, i ∈ F ∗
i

F K i

∀α ∈ K, ∀f, g ∈ F, i(αf + g) = (αf + g)(xi)

= αf(xi) + g(xi) = α i(f) + i(g).

(α1, ..., αn) ∈ Kn
n∑

i=1

αi i = 0.

j ∈ {1, ..., n}

fj : X −→ K, xi �−→
{
1 i = j

0 i �= j.

0 =
n∑

i=1

αifj(xi) = αj .

( 1, ..., n) F ∗.

X n F = KX

n F ∗
n

( 1, ..., n) n
F ∗ F ∗.

(A,B) ∈ ( n(C)
)2

AB −BA = n

(AB −BA) = ( n) = n.

(AB −BA) = (AB)− (BA) = 0,

(A,B) ∈ ( n(C)
)2

AB −BA = n.

(M) =

(
A B
0 C

)
= (A) (C)

(M) �= 0 ⇐⇒ (
(A) �= 0 (C) �= 0

)
M A C



A C M

M−1 M

M−1 =

(
X Y
Z T

)
.

MM−1 = n+p ⇐⇒
(
A B
0 C

)(
X Y
Z T

)
=

(
n 0
0

)

⇐⇒

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

AX +BZ = n

AY +BT = 0

CZ = 0

CT = p

⇐⇒
C

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Z = 0

T = C−1

AX = n

AY = −BC−1

⇐⇒
A

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Z = 0

T = C−1

X = A−1

Y = −A−1BC−1.

M−1 =

(
A−1 −A−1BC−1

0 C−1

)
.

n ∈ N∗ a1, ..., an ∈ R

λ1, ..., λn ∈ R

n∑
k=1

λkfak = 0.

i ∈ {1, ..., n}. λi �= 0.

fai = − 1

λi

∑
1�k�n, k �=i

λkfak .

a ∈ R, fa C2

R− {a} C2 R.

fai C2

ai,
fai C2

ai,

∀i ∈ {1, ..., n}, λi = 0.

(fa)a∈R

n = (E).

� n = 1.

� n.

E K[ ] n+ 1. E
B = (P1, ..., Pn+1). B,

∀i ∈ {1, ..., n+ 1}, (Pi) � (Pn+1).

C = (Q1, ..., Qn+1)
Qn+1 = Pn+1 i ∈ {1, ..., n}

Qi =

⎧⎨
⎩ Pi (Pi) < (Pn+1)

Pi − αiPn+1 (Pi) = (Pn+1),

αi (Pi − αiPn+1) < (Pn+1).

αi

Pi Pn+1

Q1, ..., Qn+1

P1, ..., Pn+1.

Pn+1 = Qn+1

i ∈ {1, ..., n} Pi = Qi Pi = Qi + αiQn+1,
P1, ..., Pn+1

Q1, ..., Qn+1.

(C) = (B) = E.

(E) = n+ 1 C E n+ 1
C E.

F = (Q1, ..., Qn),
n R[ ]. F

F = (R1, ..., Rn)

G = (R1, ..., Rn, Pn+1).

E = F ⊕ Pn+1K[ ] F F,
G E.

∀i ∈ {1, ..., n}, Ri ∈ (Q1, ..., Qn)

(Q1, ..., Qn) < (Pn+1)
∀i ∈ {1, ..., n}, (Ri) < (Pn+1).

G E

n.

n = (E). E

E B = (P1, ..., Pn)

(P1) < ... < (Pn).

i ∈ {1, ..., n} Si =

⎧⎨
⎩Pi + Pn i < n

Pn i = n.

∀i ∈ {1, ..., n}, (Si) = (Pn).

S1, ..., Sn

P1, ..., Pn.

∀i ∈ {1, ..., n}, Pi =

⎧⎨
⎩Si − Sn i < n

Sn i = n,

P1, ..., Pn S1, ..., Sn.

(E) = n C = (S1, ..., Sn) n
E, C E.

E

A ∈ n(K).

ϕA : n(K) −→ K, X �−→ (AX)

∀α ∈ K, ∀X,Y ∈ n(K),

ϕA(αX + Y ) =
(
A(αX + Y )

)
= (αAX +AY )

= α (AX) + (AY ) = αϕA(X) + ϕA(Y ).

ϕA ∈ n(K)∗.



θ : n(K) −→ n(K)∗

∀A ∈ n(K), ∀X ∈ n(K), θ(A)(X) = (AX).

∀A ∈ n(K), θ(A) = ϕA.

� θ α ∈ K, A,B ∈ n(K).

X ∈ n(K)

θ(αA+B)(X) =
(
(αA+B)X

)
= (αAX +BX) = α (AX) + (BX)

= αθ(A)(X) + θ(B)(X) =
(
αθ(A) + θ(B)

)
(X),

θ(αA+B) = αθ(A) + θ(B),

θ.

� θ

A ∈ (θ). θ(A) = 0

∀X ∈ n(K), (AX) = 0.

A = (aij)ij . (i, j) ∈ {1, ..., n}.

0 = A ij) =

⎛
⎜⎝

a1i

(0) (0)
ani

⎞
⎟⎠ = aji,

i A
j

A = 0.

(θ) = {0}, θ

� θ : n(K) −→ n(K)∗

n(K) n(K)∗
θ K

A,B,C,M

(M) = (A+
√
2B +

√
3C)

= (A) +
√
2 (B) +

√
3 (C),(

(A)− (M)︸ ︷︷ ︸
α

)
+ (B)︸ ︷︷ ︸

β

√
2 + (C)︸ ︷︷ ︸

γ

√
3 = 0.

(α, β, γ) ∈ Z3 α+ β
√
2 + γ

√
3 = 0.

(α, β, γ) = (0, 0, 0).

γ
√
3

α2 + 2β2 + 2αβ
√
2 = 3γ2,

αβ �= 0
√
2 =

3γ2 − α2 − 2β2

2αβ
∈ Q,

√
2

αβ = 0.

αγ = 0 βγ = 0. α �= 0,
β = 0 γ = 0, α = 0,

α = 0.

βγ = 0, β = 0 γ = 0 β = 0 γ = 0.

α = 0, β = 0, γ = 0.

(B) = 0 (C) = 0,

(B) = (B) = 0 (C) = (C) = 0,

B = 0 C = 0.

r = (A),
P ∈ n(K), Q ∈ p(K)

A = P n,p,rQ, n,p,r =

(
r 0r,p−r

0n−r,r 0n−r,p−r

)
.

n,p,r =

(
r

0n−r,r

)(
r 0r,p−r

)
,

A

A = P

(
r

0n−r,r

)
︸ ︷︷ ︸

U

(
r 0r,p−r

)
Q︸ ︷︷ ︸

V

,

U ∈ n,r(K), V ∈ r,p(K).

U1, ..., Up U V1, ..., Vq

V,

(U1, ..., Up, V1, ..., Vq)

= (U1, ..., Up) + (V1, ..., Vq),

(U1, ..., Up, V1, ..., Vq)

� (U1, ..., Up) + (V1, ..., Vq),

(M) � (U) + (V ).

(M) =

(
R
S

)
=
( (R

S

))
=

(
R S

)
� ( R) + ( S) = (R) + (S).

(M) =

(
A B
C D

)
�

(
A
C

)
+

(
B
D

)
�
(

(A) + (C)
)
+
(

(B) + (D)
)
.

M

n = (M) � (A) + (B) + (C).

B ∈ m,n−p(K) C ∈ n−m,p(K),

(B) � n− p (C) � n−m,

n � (A) + (n− p) + (n−m),

(A) � m+ p− n.

� X =

⎛
⎜⎝
x1

xp

⎞
⎟⎠ ∈ p,1(K)

||AX||1 =

n∑
i=1

∣∣∣ p∑
j=1

aijxj

∣∣∣
�

n∑
i=1

p∑
j=1

|aij | |xj | =
p∑

j=1

( n∑
i=1

|aij |
)
|xj |



�
p∑

j=1

||A||� |xj | = ||A||�
p∑

j=1

|xj | = ||A||� ||X||1.

∀X ∈ p,1(K)− {0}, ||AX||1
||X||1

� ||A||�.

� ||A||� =
1�j�p

( n∑
i=1

|aij |
)
,

j ∈ {1, ..., p} ||A||� =

n∑
i=1

|aij |.

X = j ,
j

1.

||X||1 = 1 AX =

⎛
⎜⎝
a1j

anj

⎞
⎟⎠ ,

||AX||1 =

p∑
j=1

|aij | = ||A||�,

||AX||1
||X1||

= ||A||�.

||A||�

X∈ p,1(K)−{0}
||AX||1
||X||1

= ||A||�.

� X =

⎛
⎜⎝
x1

xp

⎞
⎟⎠ ∈ p,1(K)

||AX||∞ =
1�i�n

∣∣∣ n∑
j=1

aijxj

∣∣∣
�

1�i�n

p∑
j=1

|aij | |xj | �
1�i�n

( p∑
j=1

|aij | ||X||∞
)

=
(

1�i�n

p∑
j=1

|aij |
)
||X||∞ = ||A||c ||X||∞.

∀X ∈ p,1(K)− {0}, ||AX||∞
||X||∞

� ||A||c.

� ||A||c =
1�i�n

( p∑
j=1

|aij |
)
,

i0 ∈ {1, ..., n} ||A||c =

p∑
j=1

|ai0j |.

X =

⎛
⎜⎝
ε1

εp

⎞
⎟⎠ ∈ p,1(K)

j ∈ {1, ..., p} εj =

⎧⎪⎪⎨
⎪⎪⎩

|ai0j |
ai0j

ai0j �= 0

1 ai0j = 0.

||X||∞ = 1, X 1
X �= 0.

||AX||∞ =
1�i�n

( p∑
j=1

|aijεj |
)
�

p∑
j=1

|ai0jεj |.

j ∈ {1, ..., p} |ai0jεj | = |ai0j |,
ai0j �= 0, ai0j = 0.

||AX||∞ �
p∑

j=1

|ai0j | = ||A||c.

X ∈ p,1(K)
||AX||∞
||X||∞

� ||A||c.

X∈ p,1(K)−{0}
||AX||∞
||X||∞

= ||A||c.

◦ G.
f1, f2 ∈ G.

� ∗ (f2 ◦ f1) ⊂ (f2) = F.

∗ z ∈ F. z ∈ F = (f2), y ∈ E
z = f2(y). E = F⊕G, u ∈ F, v ∈ G
y = u+ v.

z = f2(y) = f2(u+ v) = f2(u) + f2(v).

u ∈ F = (f1), x ∈ E u = f1(x),
v ∈ G = (f2), f2(v) = 0.

z = f2
(
f1(x)

)
= f2 ◦ f1(x) ∈ (f2 ◦ f1).

F ⊂ (f2 ◦ f1).

(f2 ◦ f1) = F.

� ∗ (f2 ◦ f1) ⊃ (f1) = G.

∗ x ∈ (f2 ◦ f1); f2
(
f1(x)

)
= 0,

f1(x) ∈ (f1) ∩ (f2) = F ∩ G = {0},
x ∈ (f1) = G.

(f2 ◦ f1) ⊂ G.

(f2 ◦ f1) = G.

f2 ◦ f1 ∈ G.

p F G.
p ∈ L(E), (p) = F, (p) = G, p ∈ G.

f ∈ G.
� ∀x ∈ E, f(x) ∈ (f) = F,

∀x ∈ E, p
(
f(x)
)
= f(x),

p ◦ f = f.

� ∀x ∈ E, x− p(x) ∈ (p) = G = (f),

∀x ∈ E, f
(
x− p(x)

)
= 0,

∀x ∈ E, f(x) = f
(
p(x)
)
,

f = f ◦ p.

p ◦ G.



◦

f ∈ G. F G = (f)
E,

f ′ : F −→ (f) = F, x �−→ f(x)

K

g : E −→ E, x �−→ f ′−1
(
p(x)
)
,

p

� g

(g) = f ′−1
(
p(E)
)
= f ′−1(F ) = F.

x ∈ E

x ∈ (g) ⇐⇒ g(x) = 0 ⇐⇒ f ′−1
(
p(x)
)
= 0

⇐⇒ p(x) = 0 ⇐⇒ x ∈ G,

(g) = G.

g ∈ G.
� x ∈ E

(f ◦ g)(x) = f
(
f ′−1
(
p(x)
))

= f ′(f ′−1
(
p(x)
))

= p(x),

f ◦ g = p.

� x ∈ E
f(x) ∈ (f) = F, p

(
f(x)
)
= f(x),

g
(
f(x)
)
= f ′−1

(
p
(
f(x)
))

= f ′−1
(
f(x)
)
.

f = f ◦ p,

f ′−1
(
f(x)
)
= f ′−1

(
f
(
p(x)
))

= f ′−1
(
f ′(p(x))) = p(x).

g ◦ f = p.

g ◦ f = f ◦ g = p,

f g (G, ◦).
(G, ◦)

� f ∈ G, (f) = F (f) = G,

f B
(
M 0
0 0

)
, M

f ′ f F.

(M) =

(
M 0
0 0

)
= (f) = (F ) = p.

M ∈ p(K),

(
M 0
0 0

)
∈ H.

θ : G −→ H, f �−→ B(f).

� ϕ
A H, f E

B(f) = A

A =

(
M 0
0 0

)
= B(f)

M ∈ p(K),

(f) = F (f) = G,

f ∈ G.
� θ ϕ

�

∀f1, f2 ∈ G, θ(f2)θ(f1) =

(
M2 0
0 0

)(
M1 0
0 0

)

=

(
M2M1 0

0 0

)
= θ(f2 ◦ f1).

θ (G, ◦) (H, ·).
� (G, ◦)
(H, ·)

θ : f �−→ B(f)
(G, ◦) (H, ·).

H n(K).
H ∩ n(K) = ∅.

H

N ∈ n(K),

N /∈ H.

N /∈ H H

n(K), n(K) = H ⊕KN.

M ∈ H α ∈ K

n = M + αN.
M = n − αN.

N k ∈ N∗ Nk = 0⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
( n − αN)

( k−1∑
p=0

(αN)p
)
= n − αkNk = n

( k−1∑
p=0

(αN)p
)
( n − αN) = n − αkNk = n,

n − αN ∈ n(K).

M ∈ H ∩ n(K),

H

n(K)

N1 =

⎛
⎜⎜⎜⎜⎜⎝
0 . . . . . . 0

(0)

0 (0)
1 0 . . . 0

⎞
⎟⎟⎟⎟⎟⎠ , N2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0

0 (0)

0

(0) 1
0 . . . . . . . . . 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

N1 N2

N1 ∈ H N2 ∈ H, H
N1 +N2 ∈ H.

N1 +N2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0

0 (0)

0

0 (0) 1
1 0 . . . . . . 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

n(K) n(K).


